ON LEBESGUE AREA. II(})

BY
MAURICE R. DEMERS AND HERBERT FEDERER

1. Introduction. The theory of ¢ dimensional area is the study of certain
geometric properties of continuous maps

[t X—E,

where X is a k dimensional finitely triangulable space and E, is a Euclidean
space of dimension # = k. In particular, the theory of Lebesgue area concerns
the problem of approximating f, uniformly and in area, by maps of an ele-
mentary character. Except for the relatively simple case in which f satisfies
a Lipschitz condition, and except for the special situation considered in
[F11], it has always been assumed in previous work that X can be embedded
in a k dimensional manifold. Our present purpose is to do without this as-
sumption on X.

One of our new tools is the norm of a cohomology class, introduced in §2.
For k=2, an important role is also played by dimension theoretic considera-
tions and by some new information (Corollary 5.2) about the local structure
of monotone images of finitely triangulable spaces. Another new topological
result (Theorem 4.2) relates k£ dimensional stability of a map to k—1 dimen-
sional stability of its slices.

The particular problem studied here is the validity of the inequality

£
L(f) £ 20 L(Puo)),
gt
where L; is k dimensional Lebesgue area, and QF consists of all strictly in-
creasing sequences

E:{1>2)""k}_>{172:"'1n}

to each of which corresponds the orthogonal projection P% of E, onto E;
mapping (%1, X2, + -+, x,) onto (xy, %, - - -, xz). This inequality, which
has been basic in the development of area theory, was proved in [CE2] for
the case in which X is a 2-cell and »=3; then in [F10] for the case(?) in

Presented to the Society, August 27, 1957 under the title Oz 2 dimensional Lebesgue area.
IT; received by the editors June 4, 1957.

(*) This work was supported in part by a research grant from the National Science Founda-
tion.

(2) For this case another proof was announced by L. Cesari in an abstract, Bull. Amer.
Math. Soc. vol. 59 (1953) p. 534 but has not yet been published. Cesari’s recent book Surface
area, Annals of Mathematics Study 35, Princeton, 1956, deals only with »=3.
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which X CE; as well as for the case in which X is contained in a 2 dimensional
manifold and f(X) has k+1 dimensional Hausdorff measure 0; finally in [S]
for the case in which X is contained in a 2 dimensional manifold. Here we show
that the inequality holds (Theorem 3.16) in case f(X) has k+1 dimensional
Hausdorff measure 0, and (Theorem 5.7) in case k=2 (without any restriction
on X or f). We also find (Theorem 3.17) that if n=Fk then Li(f) equals the
integral, with respect to k£ dimensional Lebesgue measure, of a new multiplic-
ity function defined in terms of norms of cohomology classes.

Since this paper is a continuation of [F10], we readopt the terminology
used there, assuming that the reader has a copy of [F10] at hand.

2. The norm of a cohomology class. Here we introduce the norm ||, a
nonnegative integer or o, associated with any integral Cech relative co-
homology class \. We shall use this concept in §3 to define the multiplicity
function M.

2.1. DErFINITION. For each % dimensional integral Cech cohomology class

A E HEX, A)
of a compact (Hausdorff) pair (X, 4) we define
RY
as the infimum (possibly «) of all non-negative integers m with the following
property:
X —A contains m disjoint k-cells Qi, Qz, - -+, Qm with boundaries By,

Bs, - - -, B, such that
R=x-U -5
is closed in X, and there exists a cohomology class
uw € H¥(X, R)

such that the homomorphism

H*(X, R) — H*(X, A) induced by (X, A) C (X, R)
maps u onto N, and each of the homomorphisms

H*(X, R) — H*(Q., B;) induced by (Qi, B:;) C (X, R)
maps u onto a generator of H*(Q;, By).

2.2. LemMa. If NEHH(X, A) with |\| Sm<w and if Qi, O - -+, Onm

are k-cells with boundaries By, B, - + -, By, satisfying the conditions of Defini-
tion 2.1, then these conditions hold also for any relative k-cells (Qf, B{), - - -,
(Q'm, Bl) such that Q! CQ: fort=1,2, - - -, m.

Proof. It is easy to verify that the corresponding set R’ is closed in X,
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to represent all the homomorphisms induced by the relevant inclusion maps
in a commutative diagram, and to complete the argument using the excision
axiom.

2.3. THEOREM. Suppose \, NEH*(X, A). Then
| X| = 04f and only if A = 0,
| =x] =[x,
N+ x| = [a] + [V

Proof. The first two statements are trivial. In checking the third, one
may use Lemma 2.2 to make the k-cells for N disjoint from the k-cells for \’.

2.4. THEOREM. If f: (X', A")—(X, A) is a relative homeomorphism, then
[ ¥ | = | N| whenever € H¥(X, A4).

2.5. THEOREM. If (X, A)D(X', A') are compact pairs and if the induced
homomorphism

HY(X, A) — H*X', A")
maps \ onto N', then |N| = |N|.
If furthermore X —A =X'—A", then |\| =|N'].

Proof. The second statement follows from Theorem 2.4. In order to check
the first statement one may use Lemma 2.2 to arrange it so that each k-cell
for A is either contained in X’ or disjoint from X’.

2.6. THEOREM. Suppose that (X, A) is a compact pair and X 1is the union of
disjoint closed subsets X1 and X,. If N\€ H¥(X, A) and N is mapped onto \; by
the homomorphism

H"(X, A) d Hk(X,', X.f\ A)
induced by (X;, XiNA)C(X, 4) for i=1, 2, then
I =]+ e

2.7. THEOREM. Suppose (X, A) is a k dimensional compact pair, with
k=2, S is a k-cell with boundary T, and

fi (X, 4)—> (S, 1)
is a continuous map. Let 1 be a generator of H*(S, T), suppose
[F@)| =m <

and let (Q1, B1), + + +, (Qm, Bm), R, u be as in Definition 2.1 with N =f*(y). For
1=1,2,---,mlet

&t (Qi’ Bt) - (S, T)
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be a continuous map such that gi(n) is the image of u under the homomorphism
induced by (Qs;, B;) C(X, R).
Under these conditions there exists a continuous map

h: (X, R)— (S, T)
such that h|A=f|A and h|Q.~=g;for 1=1,2,.+-,m.
Proof. Apply Lemma 6.21 [F10] with

P=X, Q=UQ¢, B=UB;, g=Ug,-.
i=1 =1 i=1
Since g*(n) =¢(u), then f*=pog~'og*

2.8. REMARK. In case (X, 4) is a finitely triangulable £ dimensional pair
and N\EH*(X, A), then I)\| may be computed as follows:

Suppose K is any finite simplicial complex whose space is homeomorphic
to X, such that 4 corresponds to a subcomplex L of K, and choose a definite
orientation for the k dimensional simplexes of K (for instance by ordering
the vertices of K). Then \ is represented by a cohomology class consisting of
cocycles u of (K, L). With each such u associate the sum

2 | u(@)|

extended over the set of all 2 dimensional simplexes in K. The minimum of
these sums equals |\|.

In this paper we make no use of this fact, which may be verified readily
with the help of Lemma 2.2 and Theorem 2.6.

3. General theorems on multiplicity and area. We shall now study the
multiplicity M(f, ¥) with which a continuous map f of a compact space into
E; assumes the value v, and establish the basic theorems connecting this
multiplicity function with the theory of Lebesgue area.

3.1. DEFINITION. Suppose f is a continuous map of a compact space X into
Euclidean k-space Ei, and U is a nonempty connected open subset of Ei with
compact closure. Choosing any compact set ¥ such that

XYV UCYCE
we consider the induced homomorphism
¥ H (Y, Y — U) > H¥X, f~(Y — 1))
and define
D(f, U) = | f*(|

where 7 is a generator of H*(Y, Y—U).
(This notation is permissible because changes in ¥ and n will not affect

FROIP)
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3.2. DEFINITION. For each continuous map f of a compact space X into
E; and for each yE E; we define

M(f, y)

as the supremum of D(f, U) for all connected open subsets U of E,; with compact
closure and such that y& U.

3.3. LEMMA. Suppose f and g are continuous maps of a compact space X
into Ey,

U and U’ are nonempty open connected subsets of Ey,

Y is a compact subset of Ei for which U' CUCY and g(X)If(X)CY.

If
Y —=0)Cgi(Y —U)
and if the homomorphisms
HYY,Y — U")—> H¥X, f~(Y — U))
induced by f and g are identical, then
D(g, U') z D(f, U).

Proof. Consider the diagram
%

BV, Y - U) S B x, g /(¥ — U)

R

B{Y, ¥ — U) = BX(X, [(Y = 1))
where the vertical homomorphisms are induced by inclusions. The last as-
sumption of the hypothesis means precisely that the preceding diagram is
commutative. Since the left homomorphism maps a generator 5’ onto a gen-
erator 1, the right one maps g*(n’) onto f*(5). It follows from Theorem 2.5
that

D(g, U) = | g*@)| = |f*)| = D4, U).

3.4. THEOREM. If f and U are as in Definition 3.1 and if U’ is a nonempty
open connected subset of U, then

D¢, U") 2 D(, U).
Proof. Apply Lemma 3.3 with g=f.

3.5. LEMMA. If f is a univalent continuous map of a compact space X into
E; and y&Interior f(X), then M(f, y)=1.

3.6. THEOREM. If f is a continuous map of a compact space X into Ex, X is
the union of the disjoint closed sets X1 and X,, and yE Ey, then
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M(f,y) = M(f| X1, 9) + M(f| X», 9).

3.7. THEOREM. If f is a continuous map of a compact space X into Ey,
yEEy, and X' is a closed subset of X, then

M(f,3) 2 M(f| X', ).
If furthermore f(x) #=y for xClosure (X —X'), then

M(f7 y) = M(fl X,: y)~

Proof. Suppose U and Y are as in Definition 3.1, with y& U. Applying the
first part of Theorem 2.5 with 4 =f~"4(Y—U) and 4’ =ANX’ we find that

D(f, U) z D(f| X', U).

In case y& f(Closure (X —X’)) we may, by virtue of Theorem 3.4, assume
that U does not meet f(X —X’). Then X —4 =X"—A4', and the second part
of Theorem 2.5 implies that

D(f, U) = D(f| X', U).

3.8. COROLLARY. If f and g are continuous maps of a compact space X into
Ex, yEEs, and if there exists a closed set CCX such that

g(x) # yforx € C,

g(x) = f(x) for x € (X — C),
then
M(f,y) = M(g, ).

3.9. THEOREM. If f and g are continuous maps of a compact space X into
Ey, yE Ey, and if there exists a homotopy

h: X X I— Ei, where I = {t|0 =121},
such that
h(x, 0) = f(x) and h(x, 1) = g(x) for x € X,

{2 bz, ) = 9} = {x|f@) =9} fr 05121,
then

M(f, y) = M(g, y).

Proof. Suppose U is as in Definition 3.2 and Y is a compact subset of Ej
such that A(XXI)\JUCY. Since y&h(f~(Y— U)XI), there exists a con-
nected open set U’ such that

yeEU CU—-WfX(Y—0U)XI.
Accordingly, f and g are joined by the homotopy
BRXXL(Y—-U)XD)— (Y, Y —=U),
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and Lemma 3.3 implies that D(g, U’) 2D(f, U).

Consequently M(g, ¥) = M(f, ). The opposite inequality follows by sym-
metry.

3.10. THEOREM. For each compact space X, the function M is lower semi-
continuous on the cartesian product of the function space (Er)X, with its uniform
topology, and E.

Proof. Suppose f, ¥ and U are as in Definition 3.2. Choose ¢>0 so that
|2 —y| =2 fors€C B —U
and choose a compact set ¥ such that UCYCE; and
|2 —f(®)| Zeforz€E E— ¥V, 2 E X.
Furthermore let
U'=EN{z||z2—9| <e¢ and I={t|]0=1=1}.
Now, if g is any continuous map of X into E; such that
lg(x) —f(x)l < e for x € X,
then f may be deformed into g by the homotopy
h(XXLf(Y-U)XI)>((Y,Y-U),
h(x, t) = (1 — 0)f(x) + tg(x) for x € X, 1 E 1.

It follows from Lemma 3.3 that D(g, U’) 2D(f, U).
Consequently, if z& U’, then

Mg, 2) 2 D(g, U') 2 D(f, U).

3.11. THEOREM. If f is a continuous map of a compact space X into Ey,

k=2, yCE:, M(f, y)=m< » and >0, then there is a continuous map u of X
into Ey such that

N, X,y) =m and |u(x) —f(®)| <efor xE X.
Accordingly(®), M(f, ) =2S(f, ¥).
Proof. Choose a k-cell S contained in E; with boundary T such that
diam § < ¢, y&E&S—-T and D(f,S—T) =m.

Then apply Theorem 2.7 with X, 4, f replaced by f~1(S), f~X(T), f|f(S)
respectively, letting g, g, * - -, gn be suitable homeomorphisms. Finally
extend % to by defining #(x) =f(x) whenever f(x) &.S.

3.12. THEOREM. If f is a quasi-linear function on a k dimensional space
X into Ex, then

(®) See [F10, Definition 3.10].
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M(f,y) = N(f, X, y) for £ almost all y € E.

Proof. This is an obvious consequence of Theorems 3.7, 3.6 and Lemma
3.5.

3.13. THEOREM. If X s a k dimensional finitely triangulable space and f
s a continuous map of X into Ey, then

. M(f, y)dLwy < Li(f).

Proof. Suppose g1, ge, * + + are quasi-linear maps of X into E; which con-
verge uniformly to f and for which

Lk(f) = lim N(g"y X: y)d£ky
Using Theorem 3.12, Fatou’s Lemma and Theorem 3.10, we see that

Li(f) = lim M(g., y)dLry

n— o Ek

2 [ timint Mg, g = [ MG iz
Ep n—® Ep

3.14. THEOREM. Suppose:

(1) X is a k dimensional finitely triangulable space, with k=2.

(2) v 1s a continuous function on X to E,., with n=k.

(3) w1, va, + + +, Vs are the real valued functions on X such that
v(x) = (v1(%), v2(2), - - -, valx)) for x € X.
(4) a€E,,e>0and N;= {ai+em|misaneveninteger}fari=1,2, cee .

(5) If xE€X, then the set
{i]vi(2) € N}

has at most k elements.
(6) A is the set of all k termed sequences of even integers.
Under these conditions there exists a quasi-linear function u on X to E, such that

I u(x) — 'v(x)l < e2n''? for x € X

and

N, X, pdscy = X 2°¢M[Ps o, Pia) + e).

En (¢,8)e0kxa

Proof. (A modification of the proof of Theorem 7.6 [F10].) In view of an
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obvious reduction by homothetic transformations, we shall only consider the
special case in which a is the origin of E, and e=1. Under these conditions
N, is the set of all even integers forz=1, 2, - - -, n. We may also assume that

> M(P,Eov, §) < w,
(£,9)e0kxa

We readopt the notation of Remark 7.4 [F10]. Thus we can express the
assumption (5) more simply by stating that v maps X into E,—C,"_,_,. Using
the deformation

prr1i (Bn — Crg) X {t|0 St S m— b} = E. — Ciiy
we define the function w on X to C{ by the formula
w(x) = peaf[v(x), n — k] for x € X.
If £€QF and §EA, then
M(Piow,8) = M(P oy, ).

In fact the functions P%owv and P%o w are joined by the homotopy which
has the value

¢
(Pn 0 prsn) [v(2), ]
for (x, )EX X {t|0<t<n—F}; inasmuch as the last statement in Remark
7.4 [F10] implies that
£ £
{x] (PnOPk+l)[v(x): t] = 6} = {x| (Pnov)(x) = 5}

for 0 =t=<n—=k, our assertion follows from Theorem 3.9.
Next consider the family

F = {w'(S)| Sisa k-cell in C" and w1(S) = 0}.

For each VEF let (Sy, Tv) be the k-cell of C’ and its boundary such that
w(Sy) ="V, and let

m(V) = [ @| V)*@ |
where 7 is a generator of H*(Sy, Ty) and
(| V)*: H¥Sy, Tv) — HYV, w(Tv)).
Defining
Us=EN{x| |x—8| <lfori=1,---,k} for 5 € 4,
G(t,8) = FN{V| Pi(Sy — Tv) = U,} for £ € 0 and 5 € 4,

we readily see from the construction of C’ that the members of each family
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G (¢, 8) are disjoint, that no two such families have a member in common, and
that

F = U G 9).

(£.8)e0kxa

Furthermore
m(V) = D(Prow|V, Uy for V E G, 3),
and we infer with the help of Theorems 3.6 and 3.7 that

3 m(V) > S DPiow|V, Uy

VEF (£,8)e0ixa Ved (4,85

> > MPiow|V,s)
(£,0)eixa Ved(,s)
< Y MPiowd) < .

(5,0)ekxa

We may now assume that X is the space of a finite Euclidean simplicial
complex K’ with the following property: To each VEF corresponds a family
H(V) consisting of m(V) cubes contained in V—w='(Ty), whose first bary-
centric subdivisions are subcomplexes of K’, and which are fitting with respect
to Definition 2.1; more precisely, supposing that

HY) = {Q:|i=1,2,-- -, m(V)},

we require that the conditions stated in that definition shall hold with (X, 4)
replaced by (V, VNw~(Ty)), with A= ('wl V)*(n), where 75 is a generator of
H*(Sy, Ty), and with a suitable u. For7=1, 2, - - -, m(V) we choose a prop-
erly oriented barycentric homeomorphism g; of Q; onto Sy, and apply Theo-
rem 2.7 with f=w| V to obtain a continuous map

hV: V- SV
such that
hy(x) = w(x) whenever x & VN w(Ciy),
hy (V - u Q) C Ci,
QEH (V)

and hy maps each cube of H(V) homeomorphically and barycentrically onto
Sy.
If V and V' are distinct elements of F, then

VAV Cw(Cil), hv(x) = by (2) for xE VNV,

Therefore
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is a continuous map of X into E. which maps each element of the family

H= U H®Y)

VEF

homeomorphically and barycentrically onto some & dimensional cube in C’,
and for which

g<X - U Q) C Ci1.

QeH

Let H' be the set of all those & dimensional simplices which belong to the
first barycentric subdivision of some element of H, and let K be the first
barycentric subdivision of a finite subcomplex of C’ containing the range of g.
Then H' CK’, g maps each element of H’ barycentrically onto some element
of K, and g maps K’ — H’ into the £—1 dimensional skeleton of K.

According to Lemma 6.20 [F10] there exists a function # on X to E,,
a finite simplicial subdivision K’ of K’, and a function ¢ on H’ to K'’ such
that % maps each element of K’/ barycentrically onto some element of K,

ulg(W)] C W for W € K,
¢(S) CS and «[q(S)] = g(S) for S € H',

and # maps K''—¢g(H’) into the 2—1 dimensional skeleton of K.
If x€X and v(x)EYEC’, then also w(x)EY, g(x)EY, and u(x)EY,

hence
| u(x) — v(x)l =< diam (¥) = 2x1/2,

Finally we compute

fE N(u, X, 9)d3cry = 3 5Cu(u[q(¥)])

YeH'
k k k

= 2 3.(g(¥) = 2 3a.(g(Q) = 2 2

YeH' QeH QeH
=2 2 =2 ()

VEF QeH (V) VEF
= X *uM@Plows).

(£,8)e0ixa

3.15. LEMMA. If X is a k dimensional finitely triangulable space, f is a
continuous function on X to E. with n=k, A is the set of all k termed sequences
of even integers, €>0, and R is the set of all those points a © E, for which

> 2EM[Piof, Pia) + ] < > M(P:of, 2)dSu,

(£:3)€0,xA teatJ 4

then £,(R)>0.
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Proof. Theorem 3.10 assures us that the proof of Lemma 7.7 [F10] re-
mains valid.

3.16. THEOREM. If X is a k dimensional finitely triangulable space, with
k=2, fis a continuous map of X into E,., with n=k, and

k+1

3. (f(X)) =0,
then

IAOEDD M(Ptof, 2)dgs.

teqt J E;

Proof. Use the proof of Theorem 7.8 [F10], substituting Lemma 3.15 and
Theorem 3.10 for Lemma 7.7 and Theorem 7.6 of [F10].

3.17. COROLLARY. If X is a k dimensional finitely triangulable space, k=2,
and f is a continuous function on X to Ey, then

Li(f) = M(f, 2)d£sa.

Proof. Combine Theorems 3.16 and 3.13.

3.18. REMARK. In the preceding corollary the algebraic multiplicity function
M cannot be replaced by the stable multiplicity function S, even in case k=2 and
£ is a light mapping. This shown by the following example:

Suppose m is a positive integer and 0 <e<4.

We let X be the union of the m+1 rectangles

Xi=EsN {x| |m]| 1, |2 1,200 = ini}
corresponding to ¢=0, 1, - -+ -+, m and define
g: X — E, g(x) = (%1, x9) for x € X.

Considering those points & E, which are stable values of g, we have

S(g,2) =m+ 1 whenever 0 < ‘zll <1 and |22| < 1,

S(g,2) =1 whenever z; = 0 and IZzI < 1.
Next we choose a homeomorphism % of the square g(X) onto itself such that

Solh(EaN{z]2:=0, | 2] S1P]=4—¢

and let f=h o g. Evidently

S(f,2)dLz =e(m+ 1)+ (4 — -1 =em+ 4.
E,
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To compute L.(f), we observe that X is not locally Euclidean at any point
of the line segment

A=FEN{z|x=0, | x| £1, 2 =0},

hence 4 is contained in the 1-skeleton of every triangulation of X ; since any
two of the rectangles X; intersect only along 4, it follows that

Ly() = 20 La(¢] X))
=0
for every quasilinear map ¢ of X into E,. Accordingly
L) 2 2 Lo(f| X) 2 4-(m + 1)
=0
because f maps each rectangle X; homeomorphically onto g(X). Furthermore
M(f,z) =m+ lforz € f(X — 4)
and f(X —A4) is dense in f(X), hence
M(f,2) < m-+ 1 for 2 € E,,
and we conclude that
Ly(f) = 4m + 4.

4. A theorem on stable values. Here we connect the stable values of a
continuous map f of a finitely triangulable k dimensional space X into E;
with the stable values of the sections of f corresponding to a fibering of Ej
into parallel £—1 dimensional planes. Such a connection was known previ-
ously [F8, Theorem 8.10] only in case k=2 and X CE,, and the proof de-
pended on very special properties of E,.

4.1. LEMMA. Suppose (A, B) is a compact pair and
u: A — E,, v: A — Ep,, fiA— E; = E1 X Ep
are continuous maps such that
J@) = (u(x), v(x)) for x € A.
Furthermore suppose Q and W are k—1 dimensional cells in E;_,,
WCIntQ, (4, B)C(Q,Q— Int W),

and G is a subgroup of H*'(4, B).
Let 1" be the class of all closed subsets C of A such that u is constant on C and
such that the homomorphisms
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o* i*
H*(Q, Q — Int W) — H*Y(4, B) —» H*(C, C N\ B),
induced by v and CCA, satisfy the conditions
*o0v* %0 and kernel i* = G.

Then the following statement holds:
If inf u(I") <s <sup u(I') and t&Int W, then (s, t) is a stable value of f.

Proof. Suppose CiET, Co&T and u(C)) <u(Cy).
We choose a compact interval I such that u(4)CI, let

Ji=IN{s|s=suC)}, Jo=IN{s|s=ulC)}, R=Q—IntW,
=(IXRYULXQUU:XQ), U=IXRVUJ1XQ),

and consider the commutative diagram:

HYIXQ,T) i H¥(A, B\U C,U C,)
é é
. r* i i
H~YT, U) ————————— H*Y(B\U C; U Cq, B) —— H*Y(Cy, C; N\ B)
\ g*
I Js i

H"‘I(Jz X Q,J2 X R) —yH"‘l(Cg sz\ B)(—-————— H*=1(4, B)

\ /
H*1(Q, R)

Here p is the projection mapping (s, £) EJ2XQ onto :&Q, while g, &, 11, 1,
J1, jo are inclusion maps.
Since if o v* %0, we may choose

7 € H*1(Q, R) with (i o v*)(y) # 0.
Observing that A* is an isomorphism we further define
¢ = (1o p*)(n),
and we shall prove that

(f*od)(§) # 0.

In fact, if (8 o f*)(¢) = (f* 0 8)({) =0, then the exactness of the cohomology
sequence of the triple (4, B\UC\\JC,, B) implies the existence of

a € H¥'(4, B) with g*(a) = f*(¢),

whence



1959] ON LEBESGUE AREA. II 513

(@) = (j# 0 g")(a) = (jF o M) = (o h*)()
= (f*o p*) () = it[*()],
ifla—v*m)] =0, a-v*MEG, itla—*m] =0,
if'(@) = (i o v*)(n) # 0
but also
if(a) = (jfog)(a) = (jFo M) =0

because f o j; maps C; into U.

We conclude that the homomorphism

f*H(I X Q,T) — H¥4, B\U C,\U Cy)
is nontrivial, and hence that every point of the set
IXQ-—-T= {sl #(C1) < s < u(Cs)} X Interior W

is a stable value of f.

4.2. THEOREM. If X s a k dimensional finitely triangulable space and

u: X — E,, v: X — Ep_y, [: X—> E,=FE X E
are continuous maps such that
f&) = (u(), v(x)) for x € X,
then there is a countable set D C E, such that
S[f, (s, 9] 2 Slv| w({s}), ¢] for (s, 1) € (Ex — D) X Er_y.
Proof. Let Q be a k—1 cell in E;_; such that
9(X) C Interior Q,

and let H be a countable family of £—1 cells contained in the interior of Q
and forming a base at each point of v(X).

Choose a countable family F of compact pairs contained in X such that
H*='(4, B) is finitely generated whenever (4, B)EF, and such that every
compact pair in X is the intersection of a subfamily of F. (For instance, F
may consist of all simplicial pairs which are subcomplexes of the successive
barycentric subdivisions of a particular triangulation of X.)

Let A be the set of all quadruples

6= (W, 4, B, G)

such that WEH, (4, B)EF, v(B) CQ— W, and G is a subgroup of H*-1(4, B).
Clearly A is countable.
For each §EA, let I'(8) be the class of all closed subsets C of 4 such that
u is constant on C and such that the homomorphisms
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y %

(vl A)* 1
H(Q, Q — Int W) ——— H*'(4, B) ——— H*(C, C N\ B),

induced by le and by CCA4, satisfy the conditions
*o (v| A)*# 0 and kernel i* = G.

We define
D = {s| dim u'({s}) = &} U U {inf «[T(®)], sup «[T(5)]},

dea

and observe that D is countable, because every k dimensional subset of X has

interior points.
Now suppose s€EE,—D, t€E;_,, m is a positive integer, and
Slo| u1({s}), 1] = m.

Let Cy, - - -, C, be disjoint closed subsets of u“({s}) such that ¢ is a stable
value of each of the maps v|Cy, « + -, 9| Cnn. Since t€v(X) and

dim C; < dim w!({s}) <k — 1

, m, we can choose W& H and closed subsets T'; of C; such that

forj=1, - -
(T CQ—-Ww

tc Int W,

and such that all the homomorphisms
(v| C)*: H=1(Q, Q — Int W) — H*X(C;, T))

are nontrivial.
Next we choose (4;, B,) EF so that

(Cj, T;) C (4, Bj) and »(B) CQ—W
, m, and so that 4,, - - -, A, are disjoint. From the commuta-

forj:ly PR
tive diagram
_ @|CcHy*
HYQ,Q — Int W) ——— H*Y(C;, T))
(o] 4% 1ht
——— H(C;, C; M By),

H*Y(Aj, B;)

15

where 7; and k; are inclusion maps, we see that
i¥o (v| 4;)* = 0.

Finally we define
; = kernel i, 8, = (W, 4;, B;, G))

whence
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5,‘EA and C,e P(&j),

and infer from Lemma 4.1 that (s, ¢) is a stable value of f| 4, for j=1, - - - ,m.
Accordingly

S, (s, 0] = m.

4.3 REMARK. In the preceding theorem some local smoothness of X is essen-
tial. For example let ¥ be any nondense perfect subset of E;, let Z be a k—1
dimensional cube in Ej_i, and let X =Y XZ, with u(s, t)=s, v(s, t)=¢,

(s, 8)=(s, t) for s€ Y, t&Z. Then fis the inclusion map of the £—1 dimen-
sional compact space X into Ey, hence f has no stable value, even though ¢
is a stable value of v|u=!({s}) whenever s€ Y and ¢ is an interior point of Z.

On the other hand the opposite inequality

S, (s, 0] = Sl w({sh), 4]

holds for any metric space X and for all (s, t) E Ey X Ex_1. In fact suppose 4 is
a compact subset of X and ¢ is not a stable value of v| [ANu~1({s})]. Approxi-
mating this map by a map w: Aﬂu“({s } )—E;_1 which does not assume the
value ¢, suitably extending w over A4 into E;_;, and combining this extension
with %] 4, one obtains a map of 4 into E; which approximates fand does not
assume the value (s, t)

4.4 REMARK. The hypotheses (1) and (2) in Theorem 4.8 of [F10] may be
replaced by the hypothesis that X is a 2 dimensional finitely triangulable space.

In fact our previous argument applies to the new situation, provided the
reference to Theorem 8.10 of [F8] is replaced by a reference to Theorem 4.2
of the present paper.

It follows that the conclusions of Corollary 4.9 of [F10] hold whenever f is a
continuous map of a 2 dimensional finitely triangulable space X into E, such
that

S(Piof,z)dexs < o for £ € Q.
Ey
5. On 2 dimensional Lebesgue area. This section is concerned with the
theory of Lebesgue area for continuous maps of a 2 dimensional finitely
triangulable space into n-space.

5.1 THEOREM. Suppose X is a locally connected compact metric space such
that H'(X) is finitely generated. If pEX, then either p is a local separating
point of X, or X is connectedly separated(*) at p.

Proof. (°) Suppose pE X and p is not a local separating point of X.

(%) See [F10, Definition 5.1].

(%) Added in proof. Parts of our argument are similar to methods of R. L. Plunkett, Some
implications of semi-1-connectedness, Proc. Amer. Math. Soc. vol. 5 (1954) p. 665. This paper
was kindly brought to our attention by E. E, Floyd.
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Since Hl({ p}) is trivial and H'(X) is finitely generated, there exists a
region W such that p&E W and such that the homomorphism

i*: HY(X) — H'(Clos W),

induced by Clos WCX, is trivial.

Let Z be any compact neighborhood of p such that ZCW.

The boundary of Z can be covered by finitely many regions whose closures
are compact subsets of W— {p}, and any two such regions can be joined by
an arc in W—{p}. Hence there exists a continuum C such that

Bdry ZC CC W — {p}.
Now suppose U is any open neighborhood of p for which
ClossUCZ-C.

Then Bdry U separates p from C in W. Choose ¢& C, select a closed subset Q
of Bdry U such that Q cuts W irreducibly between p and ¢, and let V be the
component of p in X —Q.

We observe that

vczZ-c¢C

because otherwise there would exist an arc A CZNV such that p&A4 and
ANC#0, and A\JC would be a connected set joining p and ¢ in W—0Q.

Accordingly Bdry VCQ and ¢& V, Bdry V separates p and ¢ in W, hence
Bdry V=0.

We shall complete the proof by showing that Q is connected.

Assuming that Q is not connected, we secure disjoint open sets R and S
such that

QCRUSCW

and neither R nor S separates p and ¢ in W. From the Mayer-Vietoris
cohomology sequences of the two triads

(Clos W; Clos W — R, Clos W — 5), (X;X—R, X -39
we obtain the commutative diagram:

H°(Clos W — R) @ H°(Clos W — )

b — bt .
HY[Clos W — (RU 8)] ———— H[X — (RUS)]
Al " A
H(Clos W) ! HI(X)

Since R\US separates p and g in X, there exists
o € H[X — (RUS)] with a(p) = alg).
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Moreover 2* =0, hence A 0 j*=7* 0 A=0 and there exist
8 € HClos W — R), vy € H(Clos W — S)
such that
7*(a@) = h¥*(B) — hi(v).
From the fact that neither R nor S separates Clos W between p and ¢ it
follows that

B(p) = B(),  v(p) = (9.
Accordingly

a(p) = B(p) — v(p) = B(9) — v(9) = a(g),

which is incompatible with the choice of a.

5.2 CoROLLARY. Suppose X is a monotone image of a finitely triangulable
space. If pE X, then either p is alocal separating point of X, or X is connectedly
separated at p.

Proof. Monotone maps induce monomorphisms of H?, according to [K,
§51, XI, 4]. Thus H'(X) is finitely generated.

5.3 LEMMA. Every compact, locally connected metric space X contains a
countable set T with the following property:

If pEX —T and p is a local separating point of X then p has arbitrarily
small neighborhoods whose boundary consists of two elements of T.

Proof. Let 4 be the set of all local separating points of X, and let B be
the set of all points of order 2 in X. Then 4 — B is countable [K, §46, V, 9].

Let F be the family of all those open subsets of X whose boundary consists
of two points. Then F is a basis at each point of B. Hence F has a countable
subfamily G such that G is a basis at each point of B. Let

=(4—-B)\UJU U Bdry W.
weg

5.4 LEMMA. If C is the union of finitely many n—2 dimensional planes in
E,, >0, X is a metric space, H is a finite family of open subsets of X with
finite boundaries, and

h: (X, U Bdry W) — (E,, E, — C)
WeH

is a continuous map such that diam [h(W)]<e for WEH, then there exists a
continuous map

¥ (X, U Clos W) — (En, E, — O)

WeH
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such that
l;//(x) - h(x)l <e€for xE X,
Y(x) = h(x) fr x€X - U W,
WeH

Proof. Ordering H and subtracting from each member of H the union of
the closures of the preceding members, one may reduce the problem to the
case in which H is disjointed, which in turn follows trivially from the case in
which H has only one element.

Suppose therefore that H={ W}, and let U be a convex open subset of E,
such that (W) C U and diam (U) <e. The map

k| Bdry W: Bdry W — E, — C

is inessential, because Bdry W is finite and U—C is arcwise connected, and
hence there exists a continuous map

f: Clos W — (U — C) with f| Bdry W = k| Bdry W.

If x€W, then f(x)E U and h(x) E U, hence If(x)—h(x)| <e. Accordingly a
suitable function ¢ is given by the formulae

Y(x) = f(x) for x E W, Y(x) = h(x) for xE X — W.

5.5 REMARK. We observe that Theorem 5.3 of [F10] may be generalized
as follows: In place of (1), assume that X is a metric space, 4 is a compact
subset of X, and X is connectedly separated at each point of 4. In the last
sentence of the conclusion, replace the phrase “there is no point x&X such
that” by the phrase “there is no point x &4 such that.” In the proof, just
replace C* by C*MA.

5.6 THEOREM. Suppose:

(1) X is a compact metric space. If pEX, then either p is a local separating
point of X, or X is connectedly separated at p.

(2) TCX. If p€X—T and p is a local separating point of X, then p has
arbitrarily small neighborhoods whose boundary consists of two points of T.

3) g, * * -, gn are real valued continuous functions on X.
(4) Fi, - - -, F, are finite sets of real numbers.
(5) TNg7(F;)=0 for i=1,2, - -, n.

(6) If i, j, k are three distinct positive integers less than or equal to n, and
SEF;, tEF;, uc Fy, then gi'( {s}) has dimension O at each point of

g ({sh) N (i) N git(fu).

(7) e>0.
Under these conditions there exist closed subsets D, ; of X and real valued con-
tinuous functions Y; on X with the following properties:

If 7 is a positive integer less than or equal to n, then
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| gilx) — gi(x)| < e for x E X.
If © and j are two distinct integers less than or equal to n, then
Yil(F) N yY5i(F) C X — Dsy
¥i(x) = gi(x) and ¢;(x) = gi(x) for x € X — Dy,;.
If i, j, k are three distinct integers less than or equal to n, then
Vil (Fo) Ny (F) N i '(Fi) = 0.
Proof. Let
g: X E, g = (g1(x), - - -, gala)) for x € X,

let G be the family of all those open subsets W of X such that diam [g(W)]
<¢€/4 and the boundary of W consists of two points of T, and consider the
compact set

A=UgWF)—- U w.
i=1 wee

If p&€A, then p& T, by (5); hence X is connectedly separated at p, by (2)
and (1).

It follows from Theorem 5.3 of [F10], as modified in Remark 5.5, that
there exist closed subsets Dy, - - -, D, of X and real valued continuous func-
tions ki, - - -, h, on X with the following two properties:

If 7 is a positive integer less than or equal to #, then

hi(x) = gi(x) for x € X — D;, hi(x) € F; for x € D;,
| hi(x) — gi(x) | < ¢/(8n) for z € X.

If 4, j, k are three distinct positive integers less than or equal to %, then

AN (F) N hT(F) N by (Fi) = 0.
Next let
h: X — E,, h(x) = (hi(x), + - -, ha(2)) for x € X,
B= U E.N{z|2EF,zEF;, s EF},

1i<j<ks=n

C = U E”n{ZIZiEFi,ZjEFJ'},

1gi<jsn
and observe that

K (B)Cg'(B), w'BNA=0, KwY(BC UW.

wea

Since A~!(B) is compact, G has a finite subfamily H such that
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FY(B)C U w.

WeH

If WEH, theﬂ h(Bdl‘y W) CEn_C. In fact, if PEBdry W’ then pe T,
hence gi(p) & Fi, hi(p) & F; for 1=1, - - -, n.
Furthermore

1 h(x) — g(x)l < ¢/8 for xE X,
diam [R(W)] < ¢/2 for W € H.
Accordingly Lemma 5.4 supplies a continuous map ¢ of X into E, such
that
I\l/(x) — h(x)| < ¢/2 for x € X,
Y(x) = h(x) forec X — U W,
WeH
¢< U Clos W) CE,-C.
WweH
It follows that
[\Iz(x) — g(x)[ < efor x € X, Yy~Y(B) = 0.
In fact, if ¢(x) EB, then Y(x)EC, x does not belong to a member of H,
Y(x) =h(x), h(x) EB, x does belong to a member of H.
Let ¢4, + + -, ¥n be the real valued functions on X such that
\b(x) = ('pl(x)a ) ‘/’n(x)) for x € X,
and let
D,‘,j = D,U DJU U ClOS w

WeH
for any two distinct positive integers 7 and j less than or equal to #. Obviously
Vi(x) = hi(x) = gi(x) and ¢;(x) = hi(x) = gi(x) for x & X — D;,;.

Furthermore, if Y:(x) EF; and ¢;(x) EF;, then ¢(x) EC, x does not belong
to the closure of a member of H, Y(x) =h(x), h:(x)EF;, h; (x)EF;, x&D;,
x&Dj, hence x&D; ;.

5.7 THEOREM. If f is a continuous map of a 2 dimensional finitely triangu-
lable space X into E,, with n=2, then

L) £ ¥ Li(Piof.

2
tea?

Proof. (A refinement of [F10, 7.14, Part 1].) We assume that
Ly(Piof) < o for £ € O,

and suppose €>0.
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Recalling the light-monotone factorization f=1I; o m; with middle space
Ny, we let g, - - -, ga be the real valued functions on 91, such that

() = (g1(y), « - -, ga(y)) for y € My,

choose T'C9M; according to Lemma 5.3 (with X replaced by 9,), and let G
be the set of all points e € E, such that

TNg'({a})=0fori=1,---,n
and such that g7'({a:}) has dimension 0 at each point of
g ({a:h) N gri({as)) Ngit({a))

whenever i, j, k are three distinct positive integers less than or equal to #.
From the countability of T"and Remark 4.4 we see that

La(En — G) = 0.

Defining A and R as in Lemma 3.15 (with £=2) and letting A be the set
of all » termed sequences of even integers, we choose a point ¢ &€ R such that
a+ ex &G whenever N E A.

Furthermore we let
N; = {ai+ em| m is an even integer},
Fi=N:N{t] |t — g(y)| < e for some y & 9}
fori=1, - - -, n, and apply Theorem 5.6 with X replaced by 9, [condition

(1) follows from Corollary 5.2] to obtain closed subsets D;,; of 91, and real
valued continuous functions ¥; on 9N, such that

[ 4:0) — g:) | < e for y € 9my,
Yil(F) Ny Y(F;) C My — Dy,; for 4 # 7,
¥i(y) = g:(3) and ¥i(y) = gi(y) for y € My — Dij, i %5,
Yil(Fo) MY (Fy) N i '(Fi) = 0 for i 5= j = k > 4.
We observe also that in these formulae F; may be replaced by N; because

¥i(y) EN:—F; for y& ;.
Next we define the functions vy, - - -, v, and v on X by the formulae

v, =y;omy fori=1,---,n,
v(x) = (n(x), - -, 0.@) for t EX
and note that
{i] vi(x) € N.} has at most 2 elements,
I v(x) —-f(x)l < en'/? for x € X.
Furthermore Corollary 3.8 implies that
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M[P:ov, Pia) + &) <= M[Piof, Pi(a) + ]
whenever §EQ2 and §EA, because if £ =1 and £ =7 then

Pi(a) + & € N: X N,
(Prow) (Ne X N)) = miy [2 (N) OV 5 (V)] C X = my (Ds),
(Pron)(®) = (W:om)(x), (b0 m)(®) = ((g:0m) (=), (g5 0 m))(x))
= (Prof)(x) for x € X — my (Ds)).

Finally we choose a quasilinear function # according to Theorem 3.14 and
conclude that

l u(x) —f(x)| < e3nl? for x € X

with

f N, X, 2)dscez £ 3 X de M[PEof, Pi(a) + ]
En

teq,? sea

< | MPlof dcs = Y L(Pof).
Eennz E2 fennz
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